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Degree of Approximation by Monotone Polynomials I.
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Inlate years,some attention has been attracted to the estimation of the degree
of approximation of a continuous function by monotone polynomials, and
more generally, by polynomials P, of degree (at most) n, with a prescribed sign
of the derivative P (x) for some given k. See Shisha [3], Roulier [2]. Here we
treat only the first case. (One can show unigueness of the polynomial of best
approximation in this case.) Let F be an increasing continuous function on
[-1, +11, let E (F) be the degree of approximation of F by polynomials P, of
degree n. Let E,*(F) denote the degree of approximation of F by increasing
polynomials of degree n. We show that E,*(F) satisfies an inequality of
Jackson’s type, even in its sharpened form (see Theorem 2). The proof will be
conducted by means of trigonometric approximation. A continuous 2mr-
periodic function on [—w,#] will be called bell-shaped, if it is even and if it
decreases on [0, 7]. By w( f, /) = w(f) we denote the modulus of continuity of £,
by C,, C,, ..., absolute constants.

THEOREM 1. There exists a constant C with the following property. For each
bell-shaped function f, one can find a bell-shaped trigonometric polynomial T,
Jfor which

/)= T9) < Co (1,3). 0

Proof. Let J, be the Jackson integral of £,
D=0 =" Kx-nr@ad,

sinn—t )
kO=x5'|—=],
Slnz
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where A, is a normalizing constant. We put

f(%?):ck, forﬂzk t<7—7gf—+——1), k=0,1

gty =g(f,1) ={ n et )

g(=1), for —m<t<O.

Then gisevenand | f(t) — g(2)| < w(m/n). Let T,(¢t) =J,(g,1). Then T, is even,
and because of the inequality

/O =T = L~ I 01+ 5D~ T, )
“Go(fg)+ir-d=co(ri).  ©

it is sufficient to show that 7,(x) is decreasing on (0, ).
Leta, k=0,...,n~— 1, be defined by

Co=a -+ + a1, k=0,...,n-1.
Then g, > 0, and

T (x)= Zak j"(wl)/" K(x—t)dt= zak lf”k/n K (x—t)dr.

n(k+1)/n

Hence it is sufficient to show that the following functions are decreasing on

©, m):
x+(nk/n)
x—{(nk/n)

du(x) = f i/:/" K(x—1t)dr= f K, (2)dt.

But

49— (5 - 5, (5 )

1 1
s ,41( wk)“ 1] = }gO.
2 sin“= [ x4+ — sin*z [x— —
2 n 2 n

This follows from the following inequality:

sin(x + B) > |sin(x — B)| if0<a,ﬁ=g.

In fact, sin(« + B) — sin(x — B) = 2sinBcosa > 0, and sin(« + B) + sin(« — B)
=2sinecosf > 0.
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THEOREM 2. There is a constant Cy with the following property. If F is an
increasing function on 1, +1], then there exists a sequence of polynomials P,,
increasing on [~1, +1], such that

1T _ %2
|F(x)— Po(x)] < CowlF, 4,(x), An(x)=max(“n X ni) n=1,2,..

@

Proof. The function f(¢) = F(cost) is bell-shaped. For this function, we prove
simifarly to (1) of Theorem 1,

FO-T0 < Corb), 8,0 -max(“HLL)

/

with some bell-shaped 7,,. We have ([I], p. 68), if J,(¢) is the Jackson poly-
nomial of the function £,

|F(cos 1) —J,(0)] < Cy (F,8,). ©)
We put g(z) = g(f,1); then, as before, J,(g, f) is bell-shaped, while
[f@)—g(fi)l <w(F,h),  h=max|cost, —cost|,

where (if, for example, > 0), #, isgiven by t; = wk/n, 1, < t < t; + m/nfor some
k. Hence

h<2sin—~ sinflc< C;l sin ¢ << C5,(¢).

2n 2n
From (3) and (6) we obtain
|F(cost) — T(1)] < C, o(F, 8,) + L f— gll
< G, w(F, 8,).

This proves (5). We obtain (4) from this by means of the substitution x = cosz.
It is not known whether there exists an absolute constant 4 for which

EMF) < AE(F)

for each increasing F on [1, +1]. Here is a partial substitute:

THEOREM 3. There is a constant A so that if F is an increasing function on
[-1, +1}, and if E(F) < w(1/n), where w is some modulus of continuity, then

n

E,,*(F)<A%Zw(%), n=1,2,... %)

k=1
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(For a characterization of a modulus of continuity see [, p. 43].) Rela-
tion (7) follows by combining Theorem 2 with the known inequality ([{], p. 73)

w(F, hy < Mh z w (%) ,
1<k<h=1

valid for each function F that satisfies | F(x) — P,(x)] < w(d,(x)).
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